A Laplace transformation technique is used to determine the neutron distril;mtion in a sew-infinite medium which has been irradiated by a neutron pulse. The result is given in terms of known solutions of Milne's problem and of the steady-state albedo problem, which in tum are expressed by aid of Case's X-function. Simple asymptotic approximations, valid for t » 1, are deduced from the exact result.
I. INTRODUCTION

I
T is well known that time-dependent transport problems with given initial values can be formally converted to steady-state problems by Laplace transformation. In simple cases the transformed equation can be solved rigorously, e.g., by the singular eigenfunction method of Case.
l -a Then the solution of the time-dependent problem is constructed by inverse Laplace transformation.
The indicated method has been used by Bowden' for a problem with slab geometry, the general aspects of which problem have been clarified previously by Lehner and Wing. 5 A slightly different approach has been used by Case l for an infinite medium with a pulsed plane source. It seems worthwhile to extend these investigations also to the semi-infinite medium, in which case several explicit results can be deduced.
We restrict our attention to the one-speed equation with isotropic scattering and seek the neutron distribution everywhere in an infinite half-space following irradiation of the surface with a monodirectional pulse of neutrons at t = O. The appropriate equation (using units We shall also be interested in the distribution
produced by a pulsed isotropic incident distribution.
Finally, we shall need the values of the neutron densities and net currents, defined by
(and similarly for p*, j*). For convenience the factor 2' 11" has been omitted here, which can be justified by saying that 1/; represents the angular density integrated over the azimuth.
Certain general properties of the solution are immediately apparent. First, we notice that the pulse initiates some transient discontinuities in the neutron distribution. Evidently 1/; = 0 for x > t, since the neutrons enter the medium with a speed which is unity in the present notation. Moreover, a term
, describing the distribution of the uncollided neutrons, is contained in 1/;. However, all such singularities die out exponentially, and 1/; becomes a smooth function for t » 1.
Second, according to a reciprocity theorem, 6 the following relation for the angular density of the reflected neutrons must hold f./. > o. (5) Finally, for an absorbing medium (c < 1), we expect that the decay of the neutron distribution is governed mainly by the true absorption rate, i.e., '" should be roughly proportional to e-o-o)l. After an appropriate substitution is made, Eq. CIa) shows that 
is found to obey the equation 
where 'Y > 1. However, before carrying out this inverse transformation it seems advisable to modify it in the usual way by shifting and bending the path of integration as far as possible to the left in the complex 8-plane. In order to be able to do this we first must check the analyticity properties of "'.(x, /Joi /Joo) as a function of 8. We shall start with explicit expressions for this function.
n. PROPERTIES OF THE TRANSFORM OF THE SOLUTION
According to Eqs. (8a )-(8c), the function", 0 (x, P ; /Joo) coincides with the solution of the steady-state albedo problem, normalized to unit ingoing net current, for a semi-infinite medium with a macroscopic total cross section 8 and a macroscopic scattering cross section equal to unity. This problem has been solved by Case, and we can copy his results, at least for real 8. The only novelty encountered with the present problem lies in the necessity of performing an analytical continuation to complex values of 8. We shall postpone this task temporarily, and start with the assumption that 8 is real and> 1. 
(lOb)
In both cases we shall be interested also in the neutron densities and net currents, vthich will be
, respectively. We normalize the solution of Milne's problem to unit emerging net current: i.CO) = -1.
All these quantities can be expressed in terms of Case's X-function, or equivalently, in terms of
(12)
(15)
The following functions appear in the above formulas: (with the integrand = 0 at P = 0),
±Po(s) = roots of A,(po) = 0,
where P indicates that we have to take the Cauchy principal value of any integral over P or p. of the expression 1/ (p -p.) following that symbol. The integral in (11), with the two singularities of the integrand merging when p. ~ P.o, has to be understood in the same sense as with the orthogonality relation used in full-range developments. The neutron densities and net currents, belonging to (11) and (15), follow immediately if we observe that CP.± and cP., are normalized to unit density, and that the corresponding net currents are ± (1 -S-I)pO and (1 -S-I)p, respectively.
We may introduce the "extrapolation distance" q(s) and another parameter Q(s) by (26) with the purpose of expressing p,(x) in a shorter form 
If s is in the external region S. (Fig. 1) , the situation is different because A,(z) then has no zero and 1m (s)
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definition is adapted as follows:
with X(z, s) given by (18) .
It may be mentioned that the analyticity of Xo(z, s) in both variables is obvious from a complex representation, which in a different form has been given by Chandrasekhar,7 and which also readily ensues from the above definition: the corresponding discrete term in the expansion is missing. By the use of Xo(z, s) = (1 -z)X(z, s) instead of X(z, s) the following formulas are obtained for this case: to the semi-infinite medium. An alternative method, chosen in the following, consists in the comparison of the limits of the explicit expressions (11) and (30), when 8 approaches the line C from one or the other side. First however, we have to insert a discussion about the X-function, which itself is discontinuous at sEC.
It can be inferred from the definition (18) that the change of X(z, s), as s crosses C, is expressed by (31) is an analytical continuation of (12). For x > 0, an apparent difficulty arises from the discontinuity of the individual terms in (11) and (30) (11) with (30) can be avoided by transforming both expressions into a unique complex representation, from which the analyticity in 8 is evident:
The integration over z is carried out along a contour which starts and ends at z = 0, with Re (z/s) ~ ° at z -+ 0, and embraces the branch cut ° < z < 1, as well as the pole z = Po of the integrand.
We see, by the way, that the discrete term in (11) is due to the residue of the integrand in (35) at z = Po, and that the expressions (12), (31) stem from the residue at z = p..
m. FINAL FORM OF THE SOLUTION
The above conclusions permit us to deform the integration path in (9) as shown by Fig. 2 . Thereby and by the use of relation (29) the integral in (9) is put into a more convenient form,
This, with the expressions (16), (15), and (30) substituted, represents the final result. Expressions for p (x, t; p.o) and j(x, t; p.o) follow immediately.
For x = ° a further simplification is possible because the expression (31) can be analytically continued to Re (s) < 0, which for x> ° was impossible, because of the factor eu /, in the integrand in (30) . Now the integration path can be bent still further to the left, and we end up with a closed loop encircling the branch cut. This means that the last term in (36) drops out for x = 0, so that 211 1/; (0, -p., 
The validity of the reciprocity relation (5) 
= _(31rtyl[1 -(27/20) 
(39c) The formula for p* (O, t) has been reduced to an expression containing the modified Bessel function II by aid of the substitution s = HI -cos8), which leads to Poisson's integral representation for this function.
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The initial values of the reflected angular density could be computed from Eq. (37) by substituting t = O. However, an easier way is to expand the previously mentioned closed-loop integration path into a very large circle, instead of shrinking it onto the branch cut. Observing that Xo(z, s) = 1 + O(S-I) for s -+ 00, as can easily be shown, we obtain, using (31), 1/;(0, -p., 0; p.o 
This angular density is entirely due to neutrons scattered only once, as one can infer directly from the transport equation.
lV. DISCUSSION
The above results closely resemble those obtained by Bowden for the slab problem. The main difference is that in the latter case two discrete terms, involving the factors e±";fvo, enter a development analogous to (11). Therefore the function 1/;.(x, p.; p.o) for the slab needs no branch cut, but has instead a finite number of poles at certain "critical" values of s inside the interval ° < s < 1. The poles fill 1. KUSCER AND P. F. ZWEIFEL up this interval more and more densely as the thickness of the slab is increased.
Thus in the slab case the integral over the branch cut in (36) is replaced by a sum over the residues. Actually, Eq. (36) can be deduced as a limit from Bowden's result [Ref. 4, Eq. (5.12) ]. This is done by proving that the factor (2/11-)(1 -s) /I'o(s)/ of the first integrand in (36) is equal to the limit of the product of the pole number density and a normalization factor.
The individual terms of the mentioned sum, just as the integrand of the branch-cut term in (36), can be pictured by standing waves decaying at various rates, slower than e-I • Each wave corresponds in the slab case to a solution of the critical problem, and in the present case to a solution of Milne's problem for a multiplying medium.
The last term in (36), when 1/;. (x, f.£; f.£o) is developed according to Eq. (30), represents a sum over "a continuous family of traveling waves,JO all decaying like e-e, i.e., with a decay time equal to the mean time between collisions of a neutron. Only ingoing waves, with speeds I' ranging from ° to 1, are present in the case of a semi-infinite medium, whereas waves propagating in both directions are included in the slab solution. As shown by Eq. (37) those waves do not contribute to the angular density of the neutrons reflected by a semi-infinite medium.
In view of the fast decay rate of the traveling waves we may say that their sum describes the transient effects mentioned in the introduction. Actually this sum contains the uncollided beam term On the other hand, one expects the branch-cut term in (36) alone to describe the behavior of 1/;
for large values of t, so that this term represents an asymptotic approximation. Some simplification, consistent with this kind of approximation, can be achieved by using (28) 1 (x, p. ). An expression results, which contains the integral n (1 -s)ie-(l-all ds. For t» 1 it is permissible to shift the lower limit of this integral to -<Xl. Then, with (16), the expression simplifies to follow in a simple way upon application of the formulas (17), and (16), with (28).
In a similar way, by substituting the asymptotic part of (15) into (36), we arrive at a different asymptotic approximation, valid for t » 1, x » 1.
Let us write down only the expression for the neutron density, which follows from the asymptotic part of (27) Various refined asymptotic approximations could be conceived by making less crude substitutions for the functions involved in the exact expressions. For instance, we observe that the factor (1 -s)ie-O-.)I of the first integrand in (36) is zero at s = 1. Hence it seems advisable to approximate the remaining (finite) factor (1 -s)l /I'o(s)/ 1/;.(0, -f.£o)1/;. (x, f.£) by its value at s slightly below 1, rather than at s = 1. We may require that this procedure should be correct if the latter factor were a linear function of s. We find then that for t » 1 the appropriate value of s is 1 -!C (43) which is valid for t » 1, x « t\ as one can show.
The improvement of (43) over (41) can be judged from the fact that the first two terms in (38c) and (39c) follow from (43), whereas only the first term is obtained from (41).
It should be mentioned that the approximations (41)-(43) can be deduced also without knowing the exact result, solely by considerations based upon the diffusion equation and upon a reciprocity theorem. Such a derivation, though not rigorous, has the advantage of being amenable to generalizations to anisotropic scattering and to energy-dependent problems.
